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Criteria for Evidence of a Successful Verification Effort

I Hybrid Systems Proofs (via KeYmaera X)

O Persistent — truth-preservation is insufficient!
0O Permanent — Tactics are not proofs

O

Portable — Between machines, between logics
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e: o

» The Language of Differential Dynamic Logic
» Uniform Substitution Calculus of dC
» LPdC

Outline:
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Hybrid Programs Model Cyber-Physical Systems

Definition (Hybrid Programs)

Assign x := 0
Test 7
Sequence «; f3
Choice aU S
Iteration o*
ODEs {x] = 61,...,x}, = 0,&¢}



d’

Example

((acc:=AUacc:=0); {pos’ = vel, vel' = acc})"

-~

Control Physical System Model



d’

FOL over Real Closed Fields + [a]y + (a)p

Example

vel >0NA>0—
—_———
initial condition

[((acc:=AUacc:=0); {pos’ = vel, vel' = acc})’] vel >0
——

-~ -~

ctrl plant postcondition



Deduction in Differential Dynamic Logic

b
v>0,z<mkEYt>0[z:=——t?+vt+2z]z<m
2 DIFFSOLVE

v>0,z<mk[Z=v,v/=-blz<m



Uniform Substitution Isolates Binding Structure

DiffSolve as a single axiom:
[x" = f&q(x)]p(x) <> Vt > 0((V0 < s < tq(x+1s)) — [x := x+ft]p(x))

Sound uniform substitutions are used in deductions:

()
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LPdL extends the grammar of d with formulas of the form

e : ©
~—~ ~—~
LPdL proof term dCformula

(e,d ) = ¢y

Example (Proof Constants)

(it=1) = (Ix = tlp(x) < p(1))

(jx>y/\y>z—>x>z) : (X >YANy>z—=>x> Z)
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Contribution: A Logic of Proofs for dC

LPdL extends the grammar of d£ with formulas of the form

e D
~— ~—
LPdL proof term dLformula

(e,d ) == ¢y
| end

Example (Conjunctions)

(i= Aje=0) : (([x = e]p(x) < p(£)) Ax > 0)
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Contribution: A Logic of Proofs for dC
LPdL extends the grammar of d with formulas of the form
e
LPdL proof term dLformula
(e,d ) = ¢y
| end
| eed|ee_d|ee d

Example (o)
If
ep 1 (1)
d:yp (2)
Then ee d : 1.

Directional application performs a similar operation on
equivalences.
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Contribution: A Logic of Proofs for dC

LPdL extends the grammar of d with formulas of the form

e )
~~~ ~~
LPdL proof term dLformula

(e,d ) = ¢y

| end

| eed|ece_d|ee,d
| oe| Be

Example (Uniform Substitution of Axiom [x := t]p(x) <> p(t))

O{t0 , p(~)»—>-20}(i[;:]) [x:=0]x>0+<0>0
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Contribution: A Logic of Proofs for dC
LPdL extends the grammar of d with formulas of the form

e ]
~~ ~~
LPdL proof term dLformula

(e,d ) = ¢y
| end

| eed|ee_d|ee d
| oe| Be

| CTy,e|CQue | CEqe

Example (US Instances of Proof Rules)

CEfev0 , p()20} ix=tlp(t)p(x) *

([{z' = a}][x == 0]x = 0) > ([{z' = a}]0 = 0)
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Sampling of Axioms and Proof Rules

e: o d:y
(end):(¢pA)
e:(p—v) d:¢
eed:
e: ¢
oe: o(p)
ve  o(p(x) ¢ 4(X))
CEse: o(C(p(x) < C(q(x)))

Only side-condition: admissibility of os.

(dC Axiom)
(dC Constants)

(And)
(Application)
(US Proof Term)

(CEs)
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Semantics of LPdL

@ .
a

> [¢]’ = [#]4
> [ia: A]! =S for dC axioms A

> [[JT . T]] S for FOLR
tautologies T

> [end:pny] =
[e: o) Nld: o]

> [[eo d: (ZS]]’ =
Ugle: (v — o) nld: ]

S
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Correctness Properties

Theorem (Proof terms justify theorems)
Let e be a proof term and ¢ a dC formula. If = pgs e : ¢ then F ¢.
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Adding Proof Terms Without Adding Soundness-Critical

© 00 ~NOOT S~ WN

Code

Proof

Case oe. Suppose that i pyc oe : ¢. By [a lemma], ¢ = o(¢')
and i pgs e : @' for some ¢'. The induction hypothesis for the
smaller proof term e gives -qr ¢'. Therefore, Fqr o(¢') (i.e., @) is
provable by US. O

def ProofChecker(e : ProofTerm, phi: Formula) = ...
case UsubstTerm(e, phiPrime, usubst) => {
val phiPrimeCert = ProofChecker (e, phiPrime)
Provable.startProof (phi)
.(UniformSubstitutionRule (
usubst ,
phiPrime), 0)
.(phiPrimeCert, 0)
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Ongoing Work

» Controller Synthesis from Non-deterministic Models

» A proof term construction semantics for the Bellerophon
tactics language of KeYmaera X
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Conclusion
LPdL provides persistent permanent portable proofs

y
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Conclusion
LPdL provides persistent permanent portable proofs

and furthermore reifies the structure of proofs
by parsimoniously extending existing theory and implementation.

o8 =
DW [ = f(x) &qlo)lg() e e
pe (I @p() & [ = (@) & gla) Ar@)pla) & [ = f@) &q@r@) o,

DE [ = (#)lp(r. ') & ' = J(x) & q@)[ = [ (@)pla. )

DI [ = f Dp(a) « (alz) = p

DG [ Veq(@pe) & Iyl = (o),

DS [¢ = f&qlz)|p(z) ¢ ¥E=0 (VO<s<tglx + fs) "
f=] = o) 0 p() -

+ U@+ g@) = @)+ (9@)

! (f@) - g@) ) - gl@) + (@) (o))

o fur=g@)]ly =1((f(el=) = (fw))' - (9(2)))

keymaeraX.org - github.com/LS-Lab/KeYmaeraX-release
nfulton@nfulton.org
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